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Let R be a commutative ring with 1, and let N R x= t + t2Rvtb be the group
of normalized formal power series over R under substitution. In this paper we
investigate the connection between the ideal structure of R and the normal subgroup
structure of N R. In particular, we show that, if K is a nite eld of characteristic
not equal to two, then every proper quotient group of the so-called Nottingham
group N K is nite. As a further application we consider the pronite completion
of the group N R. We show that, if every additive subgroup of nite index in R
contains an ideal of nite index in R, then dN R ∼= N bR. ' 2000 Academic Press
1. INTRODUCTION
Let R be a commutative ring with 1. In this paper we are concerned
with the group N R x= t + t2Rvtb of normalized formal power series over
R under substitution. For every k ∈  the set N kR x= t + tk+1Rvtb is
a normal subgroup of N R. Taking these subgroups as a base for the
neighborhoods of the neutral element t, we may regard N R as a complete
topological group (see [2]).
Let K be a nite eld of characteristic p > 2. Then N K is usually
known as the Nottingham group over K. It is a nitely generated pro-p
group with remarkable properties and plays a key role in the theory of
pro-p groups (see [1, 4, 5]). It is well known that the Nottingham group
N K is just innite as a topological group; i.e., every proper continuous
homomorphic image of N K is nite. In fact, it has been shown that for
every non-trivial closed normal subgroup H of N K there exists k ∈  such
that either (i) N k+1K ⊆ H ⊆ N kK where k 6≡p 1 or (ii) N k+2K ⊆
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H ⊆ N kK where k ≡p 1. Hence the closed normal subgroups of N K
are under good control. We remark that this description holds equally well
for the closed normal subgroups of substitution groups of formal power
series over innite elds of characteristic not equal to two.
For general R the normal subgroup structure of N R is not so well
understood (not even for R = , the integers). It is easily seen that for
every ideal I ÅR the set N I x= t + t2I vtb forms a closed normal subgroup
of N R; hence for every k ∈  the set N kI x= N I ∩ N kR is a closed
normal subgroup of N R.
In this paper we study the (abstract) normal subgroups of N R; in par-
ticular, we ask whether every normal subgroup of N R is almost of the
form N kI for suitable k ∈  and I Å R. With this purpose in mind we
dene for every subgroup H of N R the ideal
IH x= 〈σ ∈ R  ∃k ∈  x t + σtk+1 ∈ HN k+1RR Å R:
We show
Proposition 1.1. Let R be a commutative ring with 1, and suppose that
2 is invertible in R. Let H Å N R such that I x= IH is nitely generated as
an ideal of R. Then the following hold:
(i) H is closed in N R;
(ii) H ⊆ N I if and only if ∃k ∈  x N kI ⊆ H .
From this we obtain
Theorem 1.2. Let R be a noetherian commutative ring with 1, and sup-
pose that 2 is invertible in R. Then every (abstract) normal subgroup of N R
is closed. Moreover, if H Å N R with H ⊆ N IH, then there exists k ∈ 
such that N kIH ⊆ H .
Theorem 1.3. Let K be a eld of characteristic p 6= 2. Then every (ab-
stract) normal subgroup of N K is closed. Indeed, for every non-trivial nor-
mal subgroup H Å N K there exists k ∈  such that either (i) N k+1K ⊆
H ⊆ N kK where k 6≡p 1 or (ii) N k+2K ⊆ H ⊆ N kK where k ≡p 1. In
particular, if K is nite, the Nottingham group N K over K is just innite (as
an abstract group).
In view of these results, it is natural to ask:
Question. Let R be a noetherian commutative ring with 1, and suppose
that 2 is invertible in R. (For example, take R = p, the p-adic integers, for
some prime p > 2.) Does there exist a closed normal subgroup H Å N R
such that H 6⊆ N IH?
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Question. Let R be a noetherian commutative ring with 1, and suppose
that 2 is not invertible in R (or make the stronger assumption that 2 = 0 in
R). Does there exist a normal subgroup H Å N R which is not closed?
In connection with the second question see Lemma 1.5 below. It seems
that things become much more delicate if 2 is not invertible in R.
The original motivation for this work was the following problem. LetdN R denote the pronite completion of the group N R, and let bR denote
the pronite completion of the ring R. What is the relation between the
groups dN R and N bR? To begin with we show
Proposition 1.4. Let R be a commutative ring with 1, and let H be a
subgroup of nite index in N R. Then H is open in N R.
The proof of Proposition 1.4 rests on the following lemma, which also
covers the difcult case where 2 is not invertible in R.
Lemma 1.5. Let R be a commutative ring with 1, and let H Å N R. Sup-
pose we are given n ∈  with n ≥ 4 such that for all i ∈ 1; 2; 3; 4 we
have
t + t2n+i ∈ HN 4n+2i−1R:
Then H is open in N R. Indeed, we have N 8n+2R ⊆ H .
We call R saturated with ideals of nite index if every additive subgroup
of nite index in R contains an ideal of nite index in R. For example, the
ring of integers in any algebraic number eld is saturated (since it is nitely
generated as a -module), but the ring of polynomials over a nite eld is
not (since it has uncountably many additive subgroups of nite index and
only countably many ideals). Proposition 1.4 leads to the following result.
Theorem 1.6. Let R be a saturated commutative ring with 1. Then dN R
is isomorphic to N bR.
Remark. The group isomorphism between N bR and dN R established
in Theorem 1.6 can be interpreted as an isomorphism of topological groups
if we dene a suitable topology on N bR, namely a topology that takes into
account the pronite topology given on bR.
Indeed, we have the following general construction. Let R be a topo-
logical ring. Then we can transport the product topology on
Q∞
l=0R over
to Rvtb via the natural bijection akk≥0 7→
P∞
k=0 akt
k. It is easily checked
that under the subspace topology N R becomes a topological group. From
this point of view throughout the paper we are considering the special case
where R carries the discrete topology.
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Finally, we notice that for a non-saturated ring R the conclusion of The-
orem 1.6 may fail to be true. To illustrate this phenomenon we prove
Proposition 1.7. Let R = p vtb be the ring of formal power series over a
prime eld p of characteristic p > 2. Then the groups dN R and N bR are
not isomorphic.
The paper is organized as follows. In Section 2 we gather some basic
properties of substitution groups of formal power series. Then in Sections 3
and 4 we investigate the connection between ideals and normal subgroups.
In Section 3 we prove Proposition 1.1 as well as Theorems 1.2 and 1.3; in
Section 4 we derive Lemma 1.5. Finally, in Section 5 we consider pro-
nite completions; we establish Proposition 1.4, Theorem 1.6, and Proposi-
tion 1.7.
Notation. Throughout the rest of the paper let R be a commutative ring
with 1. We write Rvtb for the ring of formal power series over R. The set of
positive integers is denoted by . More specialized notation is introduced
as needed: N , N k in Section 2; SkH, IH, clH in Section 3; 	, KI; n in
Section 5.
2. SUBSTITUTION GROUPS OF FORMAL POWER SERIES
We recall the denition and basic properties of substitution groups of
formal power series (see [2, 3, 7] for more details). Let N x= N R x=
t + t2Rvtb. Then composition by substitution denes a group structure on N .
For every k ∈  the set N k x= N kR x= t + tk+1Rvtb is a normal sub-
group of N . Taking these subgroups as a base for the neighborhoods of the
neutral element t, we may regard N as a complete topological group.
It is easily seen that for every ideal I ÅR the set N I x= t + t2I vtb forms
a closed normal subgroup of N , hence for every k ∈  the set N kI x=
N I ∩ N k is a closed normal subgroup of N .
For explicit computations the following lemma [7, Lemma 1.2.9] is very
helpful; it is frequently used to calculate the rst few terms of the commu-
tator of two elements in N .
Lemma 2.1. Let f = t +P∞i=1 fiti+1; g = t +P∞i=1 giti+1 ∈ N , and sup-
pose that m; n; k; l ∈  such that
f ≡ t + fmtm+1 + fm+ktm+k+1 mod Nm+k+1;
g ≡ t + gntn+1 + gn+ltn+l+1 mod N n+l+1:
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Let s x= minm+ n+ k;m+ 2n;m+ n+ l; 2m+ n, let
γ1 x=
( m+ k− nfm+kgn if s = m+ n+ k,
0 otherwise,
γ2 x=
 ((
m+1
2
− n+ 1m− nfmgn2 if s = m+ 2n,
0 otherwise,
γ3 x=
( −n+ l −mfmgn+l if s = m+ n+ l,
0 otherwise,
γ4 x=
( −((n+12 − m+ 1n−mfm2gn if s = 2m+ n,
0 otherwise,
and put γ x= γ1 + γ2 + γ3 + γ4. Then
f; g ≡ t + m− nfmgntm+n+1 + γts+1 mod N s+1:
Remark. Let f = t +P∞i=1 fiti+1; g = t +P∞i=1 giti+1 ∈ N , and let m;
n ∈  such that f ≡ t + fmtm+1 mod Nm+1, g ≡ t + gntn+1 mod N n+1.
(As above it is convenient not to exclude the possibility that fm or gn might
be zero.) Then by Lemma 2.1, we have
f; g ≡ t + m− nfmgntm+n+1 mod Nm+n+1;
and in many situations this rst approximation is completely sufcient.
To clarify how Lemma 2.1 can be applied in its full strength, in particular
in the special case where f = t + fmtm+1 or g = t + gntn+1, we observe that
there exists k ∈  such that
f ≡ t + fmtm+1 + fm+ktm+k+1 mod Nm+k+1
with fm+k 6= 0 or k > minm;n, and likewise there exists l ∈  such that
g ≡ t + gntn+1 + gn+ltn+l+1 mod N n+l+1
with gn+l 6= 0 or l > minm;n. It is with such a choice of k; l ∈  that
Lemma 2.1 is used in the proof of Lemma 4.1 below.
3. IDEALS AND NORMAL SUBGROUPS
In this section we investigate the connection between ideals of the ring
R and normal subgroups of N . In particular we prove Proposition 1.1 as
well as Theorems 1.2 and 1.3.
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Let H ≤ N . For every k ∈  the set
SkH x=

σ ∈ R  t + σtk+1 ∈ HN k+1
}
is an additive subgroup of R. We dene the ideal
IH x=
D[
SkH k ∈ 
}E
R
Å R:
Furthermore, we write clH for the topological closure of H .
Lemma 3.1. Let H ≤ N . Then for all k ∈  we have SkH = SkclH,
and thus IH = IclH.
Proof. Note that clH = THN k k ∈ .
The following lemma and its corollaries explain the link between the
groups SkH and the ideal IH for a normal subgroup H Å N .
Lemma 3.2. Let H Å N , and let k ∈ .
(i) We have SkHk− 1R ⊆ Sk+1H.
(ii) If k ≡2 0, then SkH 2R ⊆ Sk+2H and SkHR ⊆ Sk+3H.
(iii) If k ≡4 1, then SkHR ⊆ Sk+2H and SkH 2R ⊆ Sk+3H.
(iv) If k ≡4 3, then SkHR ⊆ Sk+2H and SkH 4R ⊆ Sk+3H.
Proof. Let σ ∈ SkH, and let h ∈ H with h ≡ t + σtk+1 mod N k+1.
By Lemma 2.1, for every τ ∈ R we have modulo N k+2,
t + σk− 1τtk+2 ≡ h; t + τt2 ∈ H :
This proves (i). We now consider (ii)(iv). Put
d x= gcdk− 2; k− 1k} = ( 2 if k ≡2 0,
1 if k ≡2 1.
Then we nd α; β ∈ R such that k− 2α+ k− 1kβ = d. By Lemma 2.1,
for every τ ∈ R we have modulo N k+3,
t + σdτtk+3 ≡ t + (k− 2αστ + k− 1kβστtk+3
≡ (t + k− 2αστtk+3 ◦ (t + k− 1kβστtk+3
≡ h; t + ατt3h; t + βτt2; t + t2:
Therefore we have SkHdR ⊆ Sk+2H.
Similarly, put
d′ x= gcdk− 3; k− 12} =
8>><>>:
1 if k ≡2 0,
2 if k ≡4 1,
4 if k ≡4 3.
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Then we nd α′; β′ ∈ R such that k − 3α′ + k − 12β′ = d′. By
Lemma 2.1, for every τ ∈ R we have modulo N k+4,
t + σd′τtk+4 ≡ h; t + α′τt4h; t + β′τt2; t + t3:
Therefore we have SkHd′R ⊆ Sk+3H.
We give two corollaries.
Corollary 3.3. Let H Å N . Then for every n ∈  we have
IH =[S2k+1H k ∈  with k ≥ n}Å R:
Proof. By Lemma 3.2, we have SkHR ⊆ S2l+3H for all k; l ∈  with
k ≤ 2l + 1.
Corollary 3.4. Let H Å N , and suppose that 2 is invertible in R. Then
for all k; l ∈  with k + 2 ≤ l we have SkHR ⊆ SlH. In particular, if
IH is nitely generated as an ideal of R, then there exists k ∈  such that
SkH = Sk+1H = · · · = IH.
Proof. This follows directly from Lemma 3.2.
For later reference we record the following easy lemma separately.
Lemma 3.5. Let σ ∈ R, and let n ∈ . Let A;B ∈ N such that
A ≡ t + σtn+1 mod N n+1;
B ≡ t + σtn+2 mod N n+2:
Let τ ∈ R, and let m ∈  with m ≥ n + 2. Then there exist a ∈ Nm−n and
b ∈ Nm−n−1 such that
a;Ab;B ≡ t + 2στtm+1 mod Nm+1:
Proof. Put a x= t + τtm−n+1 and b x= t − τtm−n. Then by Lemma 2.1,
we have modulo Nm+1,
a;Ab;B ≡ (t + m− 2nστtm+1 ◦ (t − m− 2n− 2στtm+1
≡ t + 2στtm+1:
Proof of Proposition 1.1. By assumption, H is a normal subgroup of N
such that I = IH is nitely generated as an ideal of R: we nd s ∈  and
σ1; σ2; : : : ; σs ∈ R such that I =
Ps
j=1 σjR.
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(i) By Corollary 3.4, we nd n ∈  such that SnH = Sn+1H = I.
For every j ∈ 1; 2; : : : ; s we nd Aj; Bj ∈ H such that
Aj ≡ t + σjtn+1 mod N n+1;
Bj ≡ t + σjtn+2 mod N n+2:
Let h ∈ clH. Then we nd h1 ∈ H such that h1 ≡ h mod N n+2. We
put h2 x= h1−1h ∈ clH ∩ N n+2. Below, see (∗), we nd for every j ∈
1; 2; : : : ; s sequences f ij i∈ and giji∈ in N such that
(a) For every j ∈ 1; 2; : : : ; s and all i ∈  we have modulo N i,
f i+1j ≡ f ij and gi+1j ≡ gij:
(b) For all i ∈  we have
h2 ≡
sY
j=1
f ij ;Ajgij; Bj mod N n+i+1:
For every j ∈ 1; 2; : : : ; s we may thus dene
fj x= lim
i→∞
f ij and gj x= lim
i→∞
gij:
Since H Å N , we then have
h2 =
sY
j=1
fj;Ajgj; Bj ∈ H :
This shows that h = h1h2 ∈ H . So H is closed in N .
∗ For every j ∈ 1; 2; : : : ; s we put
f 1j = g1j = t:
For j ∈ 1; 2; : : : ; s and i ∈  with i ≥ 2 we construct f ij ; gij ∈ N recur-
sively: Let i ∈  with i ≥ 2, and for all j ∈ 1; 2; : : : ; s let f i−1j ; gi−1j ∈ N
such that
h2 ≡
sY
j=1
f i−1j ;Ajgi−1j ; Bj mod N n+i:
Since H Å N , by Lemma 3.1, we nd α ∈ I such that
h2 ≡
sY
j=1
f i−1j ;Ajgi−1j ; Bj ◦ t + αtn+i+1 mod N n+i+1:
Furthermore we nd α1; α2; : : : ; αs ∈ R such that α =
Ps
j=1 σjαj . Now
recall that 2 is invertible in R. Therefore by Lemma 3.5, we nd for all
normal subgroups in substitution groups 99
j ∈ 1; 2; : : : ; s elements aj ∈ N i and bj ∈ N i−1 such that modulo N n+i+1
we have
t + αtn+i+1 ≡
sY
j=1
t + σjαjtn+i+1
≡
sY
j=1
aj;Ajbj; Bj:
Note that for every j ∈ 1; 2; : : : ; s the elements aj;Aj, bj; Bj ∈ N n+i
commute modulo N n+i+1 with every element of N . We thus obtain modulo
N n+i+1,
h2 ≡
sY
j=1
f i−1j ;Ajgi−1j ; Bj ◦ t + αtn+i+1
≡
sY
j=1
f i−1j ;Ajgi−1j ; Bj
sY
j=1
aj;Ajbj; Bj
≡
sY
j=1
aj;Ajf i−1j ;Ajbj; Bjgi−1j ; Bj
≡
sY
j=1
ajf i−1j ;Ajbjgi−1j ; Bj:
So for every j ∈ 1; 2; : : : ; s put
f ij x= ajf i−1j and gij x= bjgi−1j :
By construction, the sequences f ij i∈ and giji∈ satisfy conditions (a)
and (b) above as required.
(ii) →: Let H ⊆ N I. By Corollary 3.4, we nd k ∈  such that
SkH = Sk+1H = · · · = I. By (i), H is closed, and therefore NkI ⊆ H .
←: Let k ∈  such that NkI ⊆ H . Clearly, this implies H ∩
Nk = NkI. Suppose, for a contradiction, that H 6⊆ N I. Then under the
natural projection N R N R/I the group H maps to a non-trivial nor-
mal subgroup H ÅN R/I such that H ∩NkR/I is trivial. This contradicts
Corollary 3.3.
Theorems 1.2 and 1.3 are now easy consequences.
Proof of Theorem 1.2. This follows directly from Proposition 1.1.
Proof of Theorem 1.3. This follows from Theorem 1.2 and Lemma 3.2.
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4. WHEN 2 IS NOT INVERTIBLE : : :
In this section we establish Lemma 1.5. If 2 is invertible in R, then the
lemma’s conclusion already follows from Proposition 1.1. However, the real
strength of Lemma 1.5 lies in the fact that it can equally well be applied
when 2 is not invertible in R.
We begin with an analogue of Lemma 3.5.
Lemma 4.1. Let n ∈  with n ≥ 4. Let A;B;C;D ∈ N such that
A ≡ t + t2n+1 mod N 4n+1;
B ≡ t + t2n+2 mod N 4n+3;
C ≡ t + t2n+3 mod N 4n+5;
D ≡ t + t2n+4 mod N 4n+7:
Let τ ∈ R, and let m ∈  with m ≥ 8n + 2. Then there exist a; b; c; d ∈
Nm−4n+1 such that
a;Ab;Bc; Cd;D ≡ t + τtm+1 mod Nm+1:
Proof. We rst establish two mini lemmata.
(L1) For every l ∈  and every σ ∈ R there exist c = t + γt2n+l+4;
d = t + δt2n+l+3 ∈ N such that
c; Cd;D ≡ t + σt4n+2l+6 mod N 6n+2l+7:
Proof. Let l ∈ , and let σ ∈ R. We put c x= t + 1− lσt2n+l+4; d x=
t + lσt2n+l+3 ∈ N . By Lemma 2.1 and its remark, we then have modulo
N 6n+2l+7,
c; Cd;D ≡ (t + 2l + 11− lσt4n+2l+6 ◦ (t + 2l − 1lσt4n+2l+6
≡ t + (2l + 11− l + 2l − 1lσt4n+2l+6
≡ t + σt4n+2l+6:
(L2) For every l ∈  and every σ ∈ R there exist c = t + γt2n+l+5; d =
t + δt2n+l+4 ∈ N such that
c; Cd;D ≡ t + 2σt4n+2l+7 mod N 6n+2l+8:
Proof. Let l ∈ , and let σ ∈ R. We put c x= t + σt2n+l+5; d x=
t − σt2n+l+4 ∈ N . By Lemma 2.1 and its remark, we then have modulo
N 6n+2l+8,
c; Cd;D ≡ (t + 2l + 2σt4n+2l+7 ◦ (t − 2lσt4n+2l+7
≡ t + (2l + 2 − 2lσt4n+2l+7
≡ t + 2σt4n+2l+7:
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We are now ready to prove the main assertion, and distinguish three
cases.
Case 1. m ≡2 1: Put a x= t and b x= t. By (L1), we nd c =
t + γtm−2n+1 ∈ Nm−4n+1 and d = t + δtm−2n+2 ∈ Nm−4n+1 such
that
a;Ab;Bc; Cd;D = c; Cd;D ≡ t + τtm+1 mod Nm+1:
Case 2. m ≡4 2: We nd l ∈  with l ≥ n such that m = 4l + n + 2.
By Lemma 2.1 and its remark, we have modulo N 4l+n+3,
t + τt4l+3;A ≡ t + ατt4l+2n+3 + βτt4l+n+3;
where α = 4l − 2n + 2 is even and β = (4l+32  − 2n + 14l − 2n + 2 is
odd. Put l′ x= 2l − n− 2 ≥ n− 2 ≥ 1 and l′′ x= 2l − 2 ≥ 2n− 2 ≥ 1. Then
6n+ 2l′ + 8 = 4l + n + 4 ≥ 4l + n + 3, and thus by (L2) we nd
a x= t + τt4l+3 = t + τtm−4n+1;
b x= t;
c = (t + γt2n+l′+5 ◦ (t + δt2n+l′′+5 = (t + γtm−4n−1 ◦ (t + δtm−2n−1;
d = (t + εt2n+l′+4 ◦ (t + ζt2n+l′′+4 = (t + εtm−4n−2 ◦ (t + ζtm−2n−2
∈ Nm−4n+1
such that modulo N 4l+n+3 = Nm+1 we have
a;Ab;Bc; Cd;D
≡ t + τt4l+3;At + γt2n+l′+5; Ct + εt2n+l′+4;D
◦ t + δt2n+l′′+5; Ct + ζt2n+l′′+4;D
≡ t + τt4l+3;A ◦ (t − ατt4l+2n+3
◦ (t + τ1− βt4l+n+3
≡ t + τt4l+n+3
≡ t + τtm+1:
Case 3. m ≡4 0: We nd l ∈  with l ≥ n such that m = 4l + n + 4.
By Lemma 2.1 and its remark, we have modulo N 4l+n+5,
t + τt4l+3; B ≡ t + ατt4l+2n+4 + βτt4l+n+5;
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where α = 4l − 2n + 1 and β = (4l+32  − 2n + 24l − 2n + 1 are odd.
Put l′ x= 2l − n − 1 ≥ n − 1 ≥ 1 and l′′ x= 2l − 1 ≥ 2n − 1 ≥ 1. Then
6n+ 2l′ + 7 = 4l + n + 5, and thus by (L1) and (L2) we nd
a x= t;
b x= t + τt4l+3 = t + τtm−4n−1;
c = (t + γt2n+l′+4 ◦ (t + δt2n+l′′+5
= (t + γtm−4n−2 ◦ (t + δtm−2n−1;
d = (t + εt2n+l′+3 ◦ (t + ζt2n+l′′+4
= (t + εtm−4n−3 ◦ (t + ζtm−2n−2
∈ Nm−4n+1
such that modulo N 4l+n+5 = Nm+1 we have
a;Ab;Bc; Cd;D
≡ t + τt4l+3; Bt + γt2n+l′+4; Ct + εt2n+l′+3;D
◦ t + δt2n+l′′+5; Ct + ζt2n+l′′+4;D
≡ t + τt4l+3; B ◦ (t − ατt4l+2n+4
◦ (t + τ1− βt4l+n+5
≡ t + τt4l+n+5
≡ t + τtm+1:
To obtain Lemma 1.5 we follow the same strategy as in the proof of
Proposition 1.1.
Proof of Lemma 1.5. We nd A;B;C;D ∈ H such that
A ≡ t + t2n+1 mod N 4n+1;
B ≡ t + t2n+2 mod N 4n+3;
C ≡ t + t2n+3 mod N 4n+5;
D ≡ t + t2n+4 mod N 4n+7:
Let h ∈ N 8n+2. Below, see (∗), we nd sequences fii∈, gii∈,
kii∈, lii∈ in N 2n+5 such that
(a) For all i ∈  we have modulo N max1;i+1−4n+1,
fi+1 ≡ fi; gi+1 ≡ gi; ki+1 ≡ ki; li+1 ≡ li:
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(b) For all i ∈  we have
h ≡ fi;Agi; Bki; Cli;D mod N i+1:
We may thus dene
f x= lim
i→∞
fi; g x= lim
i→∞
gi; k x= lim
i→∞
ki; l x= lim
i→∞
li:
Since H Å N , we then have
h = f;Ag;Bk;Cl;D ∈ H :
(∗) We put
f1 = f2 = · · · = f8n+1 = t; g1 = g2 = · · · = g8n+1 = t;
k1 = k2 = · · · = k8n+1 = t; l1 = l2 = · · · = l8n+1 = t:
For i ∈  with i ≥ 8n+ 2 we construct fi; gi; ki; li ∈ N 2n+5 recursively:
Let i ∈  with i ≥ 8n+ 2, and let fi−1; gi−1; ki−1; li−1 ∈ N 2n+5 such that
h ≡ fi−1;Agi−1; Bki−1; Cli−1;D mod N i:
We nd α ∈ R such that
h ≡ fi−1;Agi−1; Bki−1; Cli−1;D ◦ t + αti+1 mod N i+1:
By Lemma 4.1, we nd a; b; c; d ∈ N i−4n+1 such that modulo N i+1
we have
t + αti+1 ≡ a;Ab;Bc; Cd;D:
Since n ≥ 4, we have
N i−4n+1 ≤ N 8n+2−4n+1 = N 4n−2 ≤ N 2n+5:
Furthermore, we note that a;A, b;B, c; C, d;D ∈ N i−2n−4 commute
modulo N i+1 with every element of N 2n+5. Modulo N i+1 we thus obtain
h2 ≡ fi−1;Agi−1; Bki−1; Cli−1;D ◦ t + αti+1
≡ fi−1;Agi−1; Bki−1; Cli−1;Da;Ab;Bc; Cd;D
≡ a;Afi−1;Ab;Bgi−1; Bc; Cki−1; Cd;Dli−1;D
≡ afi−1;Abgi−1; Bcki−1; Cdli−1;D:
So we put
fi x= afi−1; gi x= bgi−1; ki x= cki−1; li x= dli−1 ∈ N 2n+5:
By construction, the sequences fii∈, gii∈, kii∈, lii∈ satisfy con-
ditions (a) and (b) above as required.
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5. PROFINITE COMPLETIONS
In this section we study the pronite completion of substitution groups
of formal power series. We establish Proposition 1.4, Theorem 1.6, and
Proposition 1.7.
Proof of Proposition 1.4. Since N x H  <∞, there are only nitely many
conjugates of H in N . Hence the core G x= TH f  f ∈ N  of H is a normal
subgroup of nite index in N . Clearly it sufces to show that G is open in
N . Since
∞ > N x G ≥
∞Y
k=1
N k x G ∩ N kN k+1 = ∞Y
k=1
R x SkG;
we nd n ∈  such that SnG = Sn+1G = · · · = IG = R. By Lemma 1.5,
the group G is open in N .
Recall from the introduction that the ring R is said to be saturated (with
ideals of nite index) if every additive subgroup of nite index in R contains
an ideal of nite index in R. (We remark that trivially every subring S of
nite index in R contains an ideal of nite index in R; simply consider the
annihilator annSR/S. However, as mentioned in the Introduction there
are very well behaved rings which are not saturated.)
We denote by 	 the set of all ideals of nite index in R. For every I ∈ 	
and every n ∈  we dene
KI; n x= N IN n Å N :
Lemma 5.1. Let R be saturated. Then the set KI; n  I ∈ 	; n ∈  is a
base for the neighborhoods of the neutral element t with respect to the pronite
topology on N .
Proof. Let H ≤ N with N x H  < ∞. We have to nd I ∈ 	 and n ∈ 
such that KI; n ≤ H . By Proposition 1.4, the subgroup H is open in N . Hence
we nd n ∈  such that N n ≤ H .
Claim. For every k ∈ 0; 1; : : : ; n− 1 we nd (recursively) Ik ∈ 	 such
that N n−kIkN n ≤ H .
Clearly, we may take I0 x= R. Now let k ∈ 1; 2; : : : ; n− 1 and Ik−1 ∈ 	
with N n−k+1Ik−1N n ≤ H . Since G x= H ∩ N Ik−1N n has nite index in
N , we have R x Sn−kG < ∞. Since R is saturated, we nd Ik ∈ 	 with
Ik ⊆ Sn−kG. It follows that N n−kIkN n ≤ H , and this proves the claim.
Put I x= In−1. Then we have KI; n ≤ H as required.
Corollary 5.2. Let R be saturated. ThendN R ∼= lim←−(N /KI; n  I ∈ 	; n ∈ :
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Proof. This follows directly from Lemma 5.1.
Proof of Theorem 1.6. For all I ∈ 	 and all n ∈  we have natural pro-
jections
ηI x N bR N R/I; ξI; nx N R/I N R/I/N nR/Iy
and there is a natural isomorphism
ψI; nx N R/I/N nR/I
∼=−→ N R/KI; n:
So composing these maps, we obtain for every I ∈ 	 and every n ∈  an
epimorphism
φI;n x= ηIξI; nψI; nx N bR N R/KI; n:
It is easily seen that these epimorphisms are compatible with respect to
the inverse system N /KI; n  I ∈ 	; n ∈ . Therefore by Corollary 5.2, they
induce an epimorphism
φx N bR dN R:
It is straightforward to check that φ is injective and thus an isomorphism
from N bR onto dN R.
It remains to prove Proposition 1.7.
Proof of Proposition 1.7. By assumption, we have R = p vtb for some
prime number p > 2. It follows that R ∼= bR (as rings), and thus N R ∼=
N bR. From Lemma 2.1, Lemma 3.2, and Proposition 1.1 it is easily seen
that N R;N R = N 3R. Let abN R x= N R/N R;N R be the
abelianization of N R, and let Cp be a cyclic group of order p. Then,
clearly, we have
abN R = N R/N 3R ∼= R⊕ R ∼=
Y
ℵ0
Cp:
It is not difcult to show that dY
ℵ0
Cp ∼=
Y
22
ℵ0 
Cp
(for example, see [6, Chap. 5]). Therefore we have an epimorphism
ab dN RdabN R ∼= Y
22
ℵ0 
Cp:
This implies that
ab dN R 6∼=Y
ℵ0
Cp ∼= abN R;
and thus dN R 6∼= N R ∼= N bR.
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